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We explore Euclidean quantum gravity using the tetrad ﬁeld together with a selfdual or anti-selfdual 
spin-connection as the basic ﬁeld variables. Setting up a functional renormalization group (RG) equation 
of a new type which is particularly suitable for the corresponding theory space we determine the non-
perturbative RG ﬂow within a two-parameter truncation suggested by the Holst action. We ﬁnd that the 
(anti-)selfdual theory is likely to be asymptotically safe. The existing evidence for its non-perturbative 
renormalizability is comparable to that of Einstein–Cartan gravity without the selfduality condition.
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While it has been clear for several decades that besides the 
metric approach to General Relativity there exists an essentially 
equivalent description in terms of tetrads and spin-connections 
(“Einstein–Cartan gravity”), one of the important surprises uncov-
ered by the work of Ashtekar [1–4] was that after a canonical 
transformation to new ﬁeld variables the spin-connection may 
be chosen selfdual (or anti-selfdual). For Lorentzian signature and 
structure group O(1, 3), selfdual connections are unavoidably com-
plex, which complicates their quantization. In the Euclidean case, 
they are real, however, and the condition of selfduality precisely 
halves the number of the connection’s independent (real) compo-
nents. In the generic case when the connection is not necessarily 
(anti-)selfdual, the Euclidean form of Ashtekar’s theory can be ob-
tained from the Holst action [5]; it depends on the tetrad eaμ and 
on the spin-connection ωabμ via its curvature Fabμν :
SHo[e,ω]
= − 1
16πG
∫
d4x e
[
ea
μeb
ν
(
Fabμν − 1
2γ
εabcd F
cd
μν
)
− 2
]
(1.1)
Besides the two terms known from the familiar ﬁrst-order ap-
proach to general relativity, SHo contains a third one, containing 
the a priori arbitrary Immirzi parameter, γ , [6,7].
The case of γ = ±1 is special as the action SHo then depends 
only on one chirality of the spin connection ωabμ , i. e. on its self-
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SCOAP3.dual or anti-selfdual part w.r.t. the O(4)-indices. The (Euclidean!) 
duality operator being deﬁned as ()abcd = 12εabcd squares to unity, 
and objects with eigenvalue +1 are called selfdual, those with 
eigenvalue −1 anti-selfdual. We can deﬁne a projector on the 
(anti-)selfdual part of any antisymmetric second rank O(4)-tensor 
by (P±)abcd = 14 (δa[cδbd] ± εabcd) and decompose it into a selfdual 
and anti-selfdual part, e.g. Fab = F (+) ab+ F (−) ab . In SHo the combi-
nation of curvature and Immirzi term in the case of γ = ±1 leaves 
us with
1
2
∫
d4x e
[
ea
μeb
ν
(
Fabμν ∓ 1
2
εabcd F
cd
μν
)]
=
∫
d4x e
[
ea
μeb
ν
(
P∓ abcd F cdμν
)]
. (1.2)
One can show that the (anti-)selfdual part of the ﬁeld strength 
tensor of a generic spin connection equals the ﬁeld strength tensor 
of the (anti-)selfdual part of that spin connection: (P± F )ab(ω) =
F (±) ab(ω) = Fab(ω(±)) = Fab(P±ω). As a result, there are only 12 
(rather than the usual 24) independent components of the spin 
connection ω(+) or ω(−) on which the action really depends when 
γ = ∓1. Thus SHo ≡ S[e, ω±] for these special values of the Im-
mirzi parameter, and this action leads to 12 equations of motion, 
that can be solved for ω(±)(e), when the invertibility of the tetrad 
is assumed [8]. One can show that ω(±)(e) is the (anti-)selfdual 
projection of the spin connection corresponding to the Levi-Civita 
connection, ω(±)(e)abμ = (P±ωLC)abμ . This spin connection nec-
essarily gives rise to a spacetime with a non-vanishing torsion 
[9,10]. Nonetheless, substituted into the tetrad equations of mo-
tions we, again, arrive at Einstein’s equation. Thus we ﬁnd their 
solutions among the classical solutions of selfdual gravity, albeit 
formulated in a spacetime with a connection differing from the  under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by 
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matter [11–13] this difference cannot be observed [14,15].
In quantum-dynamical computations, in particular at the off-
shell level, differences can, and do occur, however. For the case 
where non-selfdual connections and tetrads were chosen to serve 
as the basic ﬁeld variables these differences were studied in 
Refs. [16–19] by means of a functional renormalization group 
equation (FRGE). Hereby the main emphasis was on the possibility 
that the theory might be non-perturbatively renormalizable along 
the lines of the Asymptotic Safety scenario [20–26]. A perturbative 
investigation was reported in [27,28]. Given the large number of 
theories classically equivalent to, or observationally indistinguish-
able from General Relativity [29,2,30–37] it is conceivable that 
there exist several inequivalent, asymptotically safe quantum grav-
ity theories [38,17,39].
For the case γ = ±1, to be studied in the present paper, the 
Holst action comprises a theory of gravity in (anti-)selfdual vari-
ables that depends on less independent ﬁeld components. There-
fore, when we try to compute a path integral over this action 
for a general value of γ , we have to expect divergences in the 
limit γ → ±1, as the integration over the other duality compo-
nent will not be suppressed at all. In order to set up a FRGE for 
the (anti-)selfdual case we thus have to eliminate the redundant 
ﬁeld components before the operator traces on the RHS of the 
ﬂow equation are evaluated. It will turn out that this elimination 
is rather straightforward if we employ the particular decomposi-
tion of the ﬂuctuation ﬁelds advocated in [19]. This way we are 
able to study in this paper the non-perturbative RG ﬂow of gravity 
in selfdual variables for the ﬁrst time.
2. Non-perturbative RG ﬂow of selfdual gravity
The starting point of the present investigation is the FRGE-
based analysis of (non-selfdual) Einstein–Cartan quantum grav-
ity that was performed in Ref. [19]. In this analysis the effec-
tive average action was approximated by 
k = 
Ho k + 
gfk + 
ghk . 
Here 
Ho k denotes the Holst action SHo with running param-
eters (Gk, k, γk), while 

gf
k and 

gh
k are the gauge-ﬁxing and 
Faddeev–Popov ghost terms corresponding to the diffeomorphism 
and O(4)loc gauge conditions Fμ = 1√αD e¯aν (D¯νεaμ + βDD¯μεaν )
and Gab = 1√
αL
g¯μν(e¯bνεaμ − e¯aνεbμ) respectively. They contain 
three k-independent gauge parameters (αD, αL, βD). Using the 
same notation and conventions as in [19], εaμ ≡ eaμ − e¯aμ and 
τ abμ ≡ ωabμ − ω¯abμ denote the ﬂuctuations of the tetrad and 
the spin-connection, respectively, and D¯μ is the covariant deriva-
tive which contains both the (background) spacetime- and spin-
connection.
Our functional RG analysis of selfdual gravity will be carried out 
using the same Wegner–Houghton-like ﬂow equation and adapted 
plane wave-based projection techniques as in [19], namely ∂t
k =
1
2 Dt STr
∣∣∣
k
ln
(


(2)
k
)
. Here STr
∣∣∣
k
indicated an IR regularization of the 
supertrace by a sharp cutoff of the momentum integral, and the 
derivative Dt acts only on the explicit t ≡ ln (k)-dependence due 
to this cutoff.
In the following we will only highlight the structural differences 
of the RG equations for selfdual gravity compared to Quantum 
Einstein–Cartan Gravity (QECG), in subsection 2.1, before we derive 
its β-functions in subsection 2.2, and proceed with the presenta-
tion of the resulting RG ﬂow in subsection 2.3.
2.1. Special features of the selfdual case
Field content. The most obvious modiﬁcation in comparison to 
QECG is that we restrict the ﬁeld space of spin connections to one chirality. Since the projectors P± = 12 (1 ± ) decompose any 
connection according to ω = (P+ + P−)ω = ω(+) + ω(−) , this re-
striction corresponds to halving its number of independent com-
ponents. Thus we are left with 28 = 16 + 12 independent ﬁeld 
components of vielbein and spin connection, respectively. This 
is reﬂected in the dimension of the Hessian 
(2)k that in the 
(anti-)selfdual case corresponds to a 28 ×28-matrix differential op-
erator. We will see in a moment how an adapted decomposition of 
the ﬁelds gives rise to a simple reduction of the 40 × 40 Hessian 
of the general Holst truncation to the (anti-)selfdual case.
Gauge symmetry. If we denote the six generators of the full 
O(4)-gauge group by Mab , with Mab = −Mba , by deﬁnition they 
satisfy the algebra
[Mab,Mcd] = i(δacMbd + δbdMac − δbcMad − δadMbc) . (2.1)
A simple computation reveals that the 3 generators M±ab = (P±M)ab
of each sign satisfy an algebra of the same form, individually, and 
that the generators of different -eigenvalue commute with each 
other, [M±ab, M∓cd] = 0. Using the t’Hooft η-symbols [40] that map 
(anti-)selfdual O(4)-tensors onto SO(3)-vectors it is in fact easy to 
show that the generators L±i = 14ηiabM±ab satisfy the usual angular 
momentum algebra [Li, L j] = iεi jk Lk . Thus the O(4)-algebra de-
composes into two chiral factors such that locally also the groups 
satisfy
O(4) =˜SO+(3) × SO−(3). (2.2)
This is the Euclidean counterpart of the decomposed Lorentz group 
SO(3, 1), which is well known to comprise two chiral SU(2) com-
ponents, too. But in contrast to our case the boost and rotation 
generators in SO(3, 1) obtain as complex linear combinations of the 
SU(2) components. Moreover, there, the eigenvalues of  are ∓i, 
whence the (anti-)selfdual components of a real tensor are neces-
sarily complex.
When we restrict ourselves to spin connections of one chirality 
we, thus, also reduce the gauge group to one chiral component of 
the above decomposition. In summary, we therefore conclude that 
the theory space of (anti-)selfdual gravity is reduced in both, the 
ﬁeld content and the total symmetry group G, and is hence given 
by the set of action functionals
T ±EC =
{
A[eaμ,ω±abμ, · · ·]
∣∣∣ inv. under G
= Diff(M) SO±(3)loc
}
. (2.3)
Here the dots stand for additional background- and ghost-ﬁelds.
Gauge conditions and ghost ﬁelds. With the reduced gauge group 
at hand also the 6 gauge ﬁxing conditions Gab of the former 
O(4)loc-group have to be reduced to only 3 that are needed to 
gauge-ﬁx the remaining SO±(3)loc component. Most easily this is 
done by a projection of Gab to its (anti-)selfdual part, using now
G±ab = (P±G)ab . (2.4)
We apply the Faddeev–Popov procedure exactly as before, and ﬁnd 
that in Sgh simply the O(4)-ghost ﬁelds ϒ¯ab , ϒab get replaced 
by their (anti-)selfdual components ϒ¯±ab , ϒ
±
ab . The diffeomorphism 
gauge-condition Fμ gets modiﬁed only slightly, since the covari-
ant derivative inside it now is constructed from the (anti-)selfdual 
spin connection.
Irreducible ﬁeld parameterization. In order to partially diagonal-
ize the Hessian of the Holst action the ﬁelds representing small 
ﬂuctuations about the background (e¯, ω¯) were parameterized by 
component ﬁelds that transform irreducibly. For the spin con-
nection the corresponding decomposition of τ abμ ≡ ωabμ − ω¯abμ
reads
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1
2√
2
[
∂μ∂
[a
− Ab](x) +
∂ [a√− Bb]μ(x)
+ εabcd ∂μ∂
c
− Cd(x) + εabcd
∂c√− Ddμ(x)
]
(2.5)
All component ﬁelds (A, B, C, D) are fully transverse; they van-
ish upon contraction with ∂a or ∂μ . Thanks to a judiciously cho-
sen set of conventions employed in [19], the two sets of ﬁelds 
(A, B) and (C, D), respectively, switch their roles under dualiza-
tion: (A, B) 
←→ (C, D). By introducing the new ﬁelds A± ≡ (A ±
C)/
√
2 and B± ≡ (B ± D)/
√
2 we may therefore rewrite (2.5) as
τ abμ(x) = 2
∑
±
((
P±
)ab
cd
∂μ∂
c
− Ad± +
(
P±
)ab
cd
∂c√− Bd± μ
)
.
(2.6)
We observe that now the ﬁelds (A+, B+) and (A−, B−) describe 
the selfdual and anti-selfdual components of the ﬂuctuation ﬁeld, 
respectively.
Up to this point both decompositions, (2.5) and (2.6), are com-
pletely equivalent, and the RG ﬂow of non-selfdual Einstein–Cartan 
gravity with a running Immirzi parameter can be obtained us-
ing either decomposition. Upon expanding the action to second 
order in the ﬂuctuations this results in a decomposed quadratic 
form 
quad+ + 
quad− whereby 
quad± depend only on the ﬁelds A± , 
B± of the respective sign index, leading to vanishing rows and 
columns in the individual Hessians 
(


quad
+
)(2)
and 
(


quad
−
)(2)
, that 
correspond to the ﬁelds of the other sign index. Using the decom-
position (2.6) we did not restrict the ﬁeld space of ﬂuctuations to 
one chirality. This restriction can be carried out at this stage by 
simply discarding the (vanishing) rows and columns of the Hes-
sian that correspond to the other chirality. At the same time, the 
trace ‘STr’ is restricted to the subspace orthogonal to that of the 
deleted rows and columns. Thus we have a simple method at hand 
that reduces the 40 × 40 matrix operator of QECG to the 28 × 28
Hessian of (anti-)selfdual gravity, reﬂecting the reduced number of 
independent ﬁeld components in the spin connection. The reduc-
tion of the O(4)-ghosts proceeds in complete analogy.
2.2. Derivation of the β-functions
We are now in the position to derive the β-functions of New-
ton’s constant and the cosmological constant in (anti-)selfdual 
gravity. We thus start with an action of the form

±k = −
1
8πGk
∫
d4xe
[
ea
μeb
ν F (ω(±))abμν − k
]
+ 
±gf + S±gh, (2.7)
which corresponds to the Holst truncation with γ = ∓1 and the 
gauge ﬁxing and ghost terms modiﬁed as discussed in the last 
subsection. Then, using dimensionless couplings gk ≡ k2Gk and 
λk ≡ k/k2, the left hand side of the ﬂow equation reads
∂t

±
k [e¯, ω¯±]
= − k
2
8π gk
(
2− ∂t gk
gk
)
·
∫
ddx e¯ e¯a
μe¯b
ν F¯ (ω(±))abμν
+ k
2
8π gk
(
2− ∂t gk
gk
+ 2+ ∂tλk
λk
)
λkk
2 ·
∫
ddx e¯ . (2.8)
Inserting the constant background ﬁelds e¯ and ω¯(±) we will iden-
tify the prefactor of the ﬁeld strength term on the right hand side, 
denoted rhsF± , by the combination of 
(
ω¯(±)
)2
-contractions:Fig. 1. Asymptotic ratio of the coordinate functions R∞ = limλ→∞ rhsF±/rhs I¯±ϕ as a 
function of the basis parameter ϕ .
e¯ e¯a
μe¯b
ν F¯ abμν
= e¯
[(
ω¯(±)
)
abc
(
ω¯(±)
)acb − (ω¯(±))aca(ω¯(±))bcb] . (2.9)
As for the non-selfdual Holst truncation [19], this cannot be done 
unambiguously: For an (anti-)selfdual background spin connection, 
any contraction quadratic in ω¯(±) can be shown to be equal to 
the above two, but with a different relative weight1 (of the 5 in-
dependent torsion squared invariants of the general case, on an 
(anti-)selfdual background only two remain linearly independent). 
Hence, we need to specify exactly one additional basis vector on 
theory space besides the curvature term in order to identify its 
prefactor unambiguously.
Following this reasoning we evaluate the RHS of the ﬂow equa-
tion and ﬁnally cast it into the form
∂t

±
k = rhsF± · k2
×
∫
ddx e¯
((
ω¯(±)
)
abc
(
ω¯(±)
)acb − (ω¯(±))aca(ω¯(±))bcb)
+ rhs± · k4
∫
ddx e¯ + rhsI±ϕ · k2
∫
ddx e¯ I¯(±)ϕ . (2.10)
Here, I¯(±)ϕ is the additional vector that completes the basis in the 
projected part of theory space. Concretely we employ the following 
one parameter family of (ω¯(±))2-contractions:
I¯(±)ϕ = sin(ϕ)
(
ω¯(±)
)abc(
ω¯(±)
)
acb + cos(ϕ)
(
ω¯(±)
)ab
a
(
ω¯(±)
)c
bc
(2.11)
While we are not actually interested in the corresponding prefac-
tor, rhsI±ϕ , the prefactor rhsF± which enters the β-functions of Gk
and k will depend on the value of ϕ in general.2
For a general choice of gauge parameters we ﬁnd that rhsF±(λ), 
rhsI±ϕ (λ) only depend on the cosmological constant λ, and that 
these functions in λ are given as the ratio of two polynomials 
of degree 10, with a common denominator. In the (αD, α′L, βD) =
(0, 0, 0)-gauge these polynomials simplify, such that the remainder 
is a ratio of polynomials of degree 4. Unfortunately, the simpliﬁca-
tion is not as impressive as in the case of the full Holst truncation, 
where a reduction to degree 1 was obtained. Nonetheless this 
gauge leads to the most extensive simpliﬁcation possible and we 
will thus stick to the (0, 0, 0)-gauge in the following.
In order to judge the reliability of the different choices of 
bases we could monitor the ϕ-dependence of the ratio rhsF±(λ)/
rhsI±ϕ (λ), as in the QECG case. As an example, Fig. 1 shows the 
1 The proof parallels Appendix A.2 in [19].
2 See Section 5 of Ref. [19] for a detailed discussion of this issue.
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considered in the non-selfdual case already.
As the main result of this subsection let us now write down the 
β-functions obtained for (anti-)selfdual gravity. For the dimension-
less couplings gk and λk they read
βg(λ, g) = +2g + 8π g2 rhsF±(λ)
βλ(λ, g) = −2λ + 8π gλ rhsF±(λ) + 8π g rhs±(λ, g) . (2.12)
In the (0, 0, 0)-gauge, the coeﬃcient functions take on the form
rhs±(λ, g) = − 1
32π2
(
ln
[
(λ − 1)12λ6
g50m50
]
− lnN±
)
,
with lnN± ≈ 151.5 (2.13)
rhsF±(λ)
= −
(−156λ4 + 223λ3 + 132λ2 − 136λ + 12) sin(ϕ)
512π2(λ − 1)2λ2(sin(ϕ) + cos(ϕ))
−
(
12λ4 − 277λ3 + 244λ2 − 40λ − 4) cos(ϕ)
512π2(λ − 1)2λ2(sin(ϕ) + cos(ϕ)) (2.14)
Note that rhs±(λ, g) depends on both λ and g , but it is indepen-
dent of ϕ . Furthermore, it contains the normalization parameter 
m ≡ m¯/k whose role has been discussed in [19] already. From 
now on we set it to its natural value m = 1. Note also that the 
β-functions for the selfdual and the anti-selfdual case are exactly 
the same.
2.3. Analysis of the RG ﬂow
In this subsection we are going to analyze the RG ﬂow of self-
dual gravity resulting from the system of differential equations 
∂t g = βg, ∂tλ = βλ with the β-functions (2.12), whose explicit form 
depends on the basis chosen, cf. eq. (2.14).
A ﬁrst look reveals a divergence of both β-functions on the line 
λ = 0, which comes in addition to the divergence at λ = 1, that 
is known already from the QECG case [19]. For a generic choice 
of gauge parameters there would be even more divergences for 
ﬁxed λ, all of which move to “λ = ∞” when approaching the 
(αD, αL, βD) = (0, 0, 0) limit. The “new” divergence at λ = 0 cor-
responds to a gauge dependent zero of the denominator that ap-
proaches zero in this limit.
This divergence has an interesting effect: As the pole in βg is of 
one degree higher than the one in βλ , the RG trajectories do not 
reach this line. Thus all trajectories in the (g > 0, λ > 0)-quadrant 
are conﬁned to this quadrant. We will see that in the IR they either 
run to small values of g and large values of λ (which we know as 
type IIIa trajectories from metric gravity and QECG) or to small λ
and large values of g , a behavior not found before.
Fixed point structure. Since the origin of the g–λ-theory space 
now lies on a singular line, a Gaussian ﬁxed point cannot be prop-
erly deﬁned there.
However, we do ﬁnd non-Gaussian ﬁxed points (NGFPs) at ﬁxed 
point values (g∗, λ∗) by solving the condition βg(λ, g) = 0 for 
g∗(λ) = −[4π rhsF±(λ)]−1, substituting this solution into the sec-
ond condition βλ(λ, g∗(λ)) = 0 and searching for its zeros. This 
ﬁnal step can only be carried out numerically, due to the logarith-
mic terms in rhs±(λ).
Doing this for the continuous set of bases labeled by ϕ , we 
generically found two ﬁxed points in the range λ < 1, one at small 
positive λ, which we will denote by NGFP1± , and the second at 
large negative λ (NGFP2±). This picture resembles very much the 
situation in any λ–g-plane of ﬁxed γ = ±1 of the full Holst trun-
cation. However, we ﬁnd that the existence of the ﬁxed points depends on the value of ϕ , i.e. on the basis chosen. We will dis-
cuss this issue in more detail below, after having ﬁrst analyzed the 
properties of the ﬁxed points.
Besides these two most stable ﬁxed point solutions we found 
additional solutions, that were considered unphysical, as they oc-
cur very close to singularities of the function βλ(λ, g∗(λ)) and the 
inﬂuence on the RG ﬂow of the ﬁxed points they give rise to is 
very localized.
(A) The ﬁxed point NGFP1±. In Fig. 2(a) we have plotted the co-
ordinates of the ﬁrst NGFP as a function of the basis parameter 
ϕ . Since rhsI±ϕ switches its sign, while rhsF± stays constant un-
der ϕ → ϕ + π , this and the following ﬁgures are π -periodic in 
ϕ . We observe that the ﬁxed point is only present in the inter-
val π/4  ϕ  3/4π (and its π -periodic counterpart). We see that 
both λ∗ and g∗ decrease with increasing ϕ , but both coordinate 
values change by much less than one order of magnitude. In par-
ticular g∗ turns out remarkably stable, having a plateau value of 
about g∗ ≈ 0.35.
Fig. 2(b) shows the ϕ-dependence of the critical exponents; fol-
lowing the conventions of [19], we denote them θ1 and θ3. At the 
lower boundary of the interval in which the ﬁxed point exists, 
there seems to be a bifurcation point, where the critical expo-
nents become real. Quickly thereafter θ1 approaches a quite stable 
plateau with a value of about 6.5, while θ3 ﬂuctuates around 20, 
before it diverges at the upper boundary of the interval. Most im-
portantly, both critical exponents are positive, such that the ﬁxed 
point is UV attractive.
Qualitatively, but also quantitatively this ﬁxed point resembles 
much the ﬁxed point NGFP1∞ of the full Holst truncation. Either 
of them has ﬁxed point coordinates that are smaller than unity 
and relatively stable, and one of their critical exponents takes on a 
fairly large value.
(B) The ﬁxed point NGFP2±. Let us turn over to the second ﬁxed 
point. Its coordinates as a function of ϕ are depicted in Fig. 3(a). 
We observe that it exists for a slightly larger interval in ϕ: The 
lower boundary is shifted to ϕ ≈ 0.1, while the upper boundary 
occurs at virtually the same value ϕ ≈ 3/4π as in the case of 
NGFP1± . We ﬁnd that the ﬁxed point position heavily depends on 
the value of ϕ: It starts at inﬁnite negative values at the lower 
boundary and moves close to the origin at the upper boundary. In 
between it always stays within the (λ < 0, g < 0) quadrant.
The corresponding critical exponents are depicted in Fig. 3(b). 
Their almost perfect independence on ϕ , taking into account the 
huge variation of the ﬁxed point position is most striking: Both 
critical exponents are approximately constant with θ1 ≈ 2.3 and 
θ3 ≈ 4.3. In particular, both exponents are real and positive, giving 
rise to a UV attractivity of the FP in both directions.
Also the properties of NGFP2± suggest that it is a descendant of 
a ﬁxed point in the non-selfdual theory: They all are comparable 
to those of NGFP2∞ found in the full Holst truncation [19].
(C) Discussion. Let us ﬁnally comment in more detail on the inter-
val of existence of both ﬁxed points. Naively one could think that 
universal properties of the ﬂow, like the existence of ﬁxed points, 
should also be independent of the basis chosen. This is not true, as 
the projection from the full theory space onto the truncated sub-
space clearly can be chosen in a particularly disadvantageous way, 
such that the physical content of the theory is projected out. While 
it is impossible to identify the best projection of the ﬂow without 
knowing its exact untruncated form, in the case at hand we know 
two of these disadvantageous choices for ϕ:
(i) Those ϕ at which the poles in Fig. 1 occur, correspond to a 
basis, where the second invariant points exactly into the direction 
of the expanded RHS of the ﬂow equation. Hence, rhsF± vanishes 
in this case and the information we are interested in is projected 
out.
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Fig. 3. Coordinates and critical exponents of NGFP2± as a function of the parameter ϕ .
Fig. 4. Phase portrait of selfdual gravity.(ii) At ϕ = 3/4π both basis vectors point in the same direction, i.e. 
are linearly dependent. Thus, in this limit, both coordinate func-
tions rhsF± and rhs I¯±ϕ diverge and, although their ratio stays ﬁnite, 
the extracted RG ﬂow becomes questionable.
It is certainly no mere coincidence that the boundaries of the 
interval of existence of NGFP2∞ (and also the upper boundary for 
NGFP1∞) lie very close to these extreme cases. From this point of 
view one should consider a basis in the middle of this interval as 
most reliable. For the phase portrait we shall therefore use ϕ =
arctan3 ≈ 0.4π as a representative value, which corresponds to 
the speciﬁc basis denoted by I¯(±)3 that is marked in Fig. 1.
The phase portrait. In Fig. 4 we plot the phase portrait of the RG 
ﬂow of selfdual gravity. In subﬁgure (a) the vicinity of NGFP1± and 
the ﬂow towards the origin is depicted. We observe that the trajec-
tories shortly before arriving at the origin are bent to one side or 
the other, such that they either run towards large values of λ and 
small g (as known from metric gravity) or to large g and small 
λ in the IR. This new behavior is clearly due to the existence of 
the additional divergence at λ = 0 compared to both metric grav-
ity and the QECG case.
Subﬁgure (b) focuses on NGFP2± and the (λ < 0, g < 0) quad-
rant. It shows no particular differences compared to the(λ, g)-truncations for ﬁxed γ = ±1 of the Holst action, except for 
the divergence at λ = 0.
This additional divergence, however, should probably not be 
taken too seriously. In fact, we were able to trace back its ori-
gin to the modiﬁed gauge condition G±ab in eq. (2.4). Picking the 
“+” chirality for the sake of the argument, it leads to a gauge ﬁx-
ing action 
gfk containing G+abG+ ab = (P+G)ab(P+G)ab . However it 
should also be admissible to use the complete gauge condition Gab
in the gauge ﬁxing action S±gf. It would decompose according to 
GabGab = (P+G)ab(P+G)ab + (P−G)ab(P−G)ab , where the second 
term on the RHS is simply invariant under selfdual, i.e. SO+(3)loc
transformations, while the ﬁrst still gauge ﬁxes them. Using this 
second gauge condition, the divergence at λ = 0 is no longer present in 
the β-functions. However, it has the disadvantage that it is not pos-
sible to take the limit of the preferred (0, 0, 0)-gauge in this case. 
For that reason we opted for the chiral gauge condition, which ir-
respective of the practical considerations seems the most natural 
choice. Nonetheless this observation puts the physical meaning of 
the divergence arising at λ = 0 into question.
Taking together all our ﬁndings on the RG ﬂow of selfdual grav-
ity, we conclude that setting γ = ∓1 results in a self-consistent 
“sub-truncation” within the general Holst action ansatz. Most strik-
400 U. Harst, M. Reuter / Physics Letters B 753 (2016) 395–400ingly the resulting phase portrait and the properties of the two 
NGFPs we found correspond, qualitatively and quantitatively, very 
well to the other self-consistent sub-truncation, namely the 1/γ =
0-plane, in which the Immirzi parameter is not renormalized, too.
3. Summary
In this letter we employed a description of Euclidean gravity 
in 4 dimensions which involves a selfdual or anti-selfdual spin-
connection, ω(±)abμ alongside with the tetrad ﬁeld, eaμ . It gives 
rise to a theory space of action functionals, {A[e, ω(±)]}, which, 
when suitably generalized by background and ghost ﬁelds, can 
support a non-perturbative coarse graining ﬂow. Trying to get a 
ﬁrst understanding of the RG ﬂow on this new space we took 
advantage of a “special purpose” functional RG equation that has 
been constructed recently for the closely related theory space per-
taining to (non-selfdual) Einstein–Cartan gravity [19]. In Ref. [19]
we had computed the RG ﬂow implied by a scale dependent Holst 
action essentially. The natural coordinates on this 3-dimensional 
truncated theory space are triples (g, λ, γ ) whereby γ = ±1 corre-
sponds to two singular planes on which the Einstein–Cartan FRGE 
breaks down since the spin connections lose half of their indepen-
dent ﬁeld components and become (anti-)selfdual there. As a con-
sequence, the present investigation using selfdual connections is 
by no means a “special case” of the general Einstein–Cartan setting 
in which the Immirzi parameter was allowed to run. In principle 
selfdual and Einstein–Cartan gravity may have entirely different RG 
properties, being based on disconnected theory spaces. Neverthe-
less, this is not what actually seems to happen: Here we found lit-
tle to no qualitative difference of the selfdual ﬂow when compared 
to the Einstein–Cartan ﬂow of g and λ in planes of constant γ =
±1. Especially the (g > 0, λ > 0)-quadrant shows a striking similar-
ity to the Einstein–Hilbert truncation for metric gravity, although 
the critical exponents of the non-Gaussian ﬁxed point it contains 
are real in the present case and their absolute value is larger.
Thus we may conclude that the theory space with (anti-)self-
dual connections is likely to be asymptotically safe, too. In fact, 
the evidence for its non-perturbative renormalizability is about as 
strong as for Einstein–Cartan gravity without the selfduality condi-
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